
Problem 4: Elegant Expectations - Solution

We first want to find the γ value for which the sequence of random variables (Sn)n≥0 fullfills requirement (1).
When a process satisfies this requirement, it is called a martingale. We calculate:

E[Sn+1 | (Y0, Y1, . . . , Yn)] = E[γXn+1 + Xn | (Y0, Y1, . . . , Yn)] (1)
= γE[Yn+1 | (Y0, Y1, . . . , Yn)] + E[Yn | (Y0, Y1, . . . , Yn)] (2)
= γ (aYn + bYn−1) + Yn (3)
= (γa + 1)Yn + γbYn−1 (4)

(5)

If we want to satisfy equality (1), we need this expectation value to equal Sn = γYn + Yn−1. The only γ value
for which this requirement is satisfied is γ = 1/b (or equivalently γ = 1

1−a ).
Note that when a system has property (1), we can iterate this procedure as follows:

E[Yi] = E[E[Yi | (Y0, Y1, . . . , Yi−1)]] (6)
= E[aYi−1 + bYi−2] (7)
= aE[Yi−1] + bE[Yi−2] (8)

One can use this iteration to get the expected value E[Xk]. With this information, one is able to extract the
expected value E[Sk].

An alternative way is to use property (1). We get:

E[Sk] = E[E[Sk | (Y0, Y1, . . . , Yk−1)]] (9)
= E[Sk−1] (10)
... (11)
= E[S1] (12)

= E[
Y1

b
+ Y0] (13)

=
E[Y1]

b
+ E[Y0]. (14)

Al this values are known and therefore the solution is complete.
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